The fractal characteristics of multi-particle final state are first studied in the e + e − collision of √ s = 250 GeV, with the MC simulation generator Jetset7.4 and Herwig5.9. The results show that this multi-particle final state has a double-Hurst-exponent fractals characteristics, which means that the resulting NFM obey the scaling law well using both the two sets of Hurst exponents to partition the three dimension phase space isotropically and anisotropically. Their fractal indices and the effective fluctuation strength are also predicted.
I. INTRODUCTION
It is known that there is large non-linear fluctuation events in the space-time evolution of high energy collisions. Firstly, this large local fluctuation in the pseudo-rapidity density distribution was found [1] by the Japanese-American Collaborative Emulsion Experimental group(JACEE) in the observation of nuclear interactions of high energy cosmic rays. Later the so-called nail events with large rapidity fluctuations were successfully observed by the experimental groups UA5 [2, 3] and NA22 [4] . Then people began to believe that this phenomenon may point to the existence of certain non-linear dynamical fluctuations during the space-time evolution in high energy collisions; in the other words, its intrinsic probability density function has a fractal property. In order to observe this non-linear dynamic fluctuation, Bialas et. al [5, 6] proposed the introduction of normalized factorial moments(NFM) to eliminate statistical fluctuation, and then better to describe the dynamics fluctuation. The fractal behavior of probability density was studied by observing scaling invariance of factorial moments, since then, people have been looking for scaling behavior of factorial moments. Ochs proposed that the fractal behavior of the high-energy hadron-hadron collision in the final phase space should exist in the high-dimensional phase space, and Wu and Liu [7, 8] proposed that the fractal of the higher-dimensional phase space is self-affine, rather than self-similar. Later the experimental data confirmed that the final state of the multiplicity produced by the hadron-hadron collisions is self-affine fractal in the high-dimensional phase space [9, 10] , while the final state particles in the e + e − collision experiment(in the Z 0 energy region, √ s = 91.2GeV) are self-similar fractal structures [11, 15] . Recently, the non-linear fluctuation of high-energy proton-proton collisions are researched [16] [17] [18] At present, the Chinese Academy of Sciences is preparing to build a ring-shaped electron-positron collider (CEPC) with the center of mass (c.m.) energy of 250 GeV [19] . We consider that it is necessary to study the non-linear dynamical fluctuations of the final state multiplicity produced by e + e − collisions namely the fractal characteristics. In this paper, the MC simulation generator Jetset7.4 and Herwig5.9 are used to generate the e + e − collisions final state multiplicity events in CEPC energy region, analyze its non-linear fractal characteristics, and study the non-linear dynamic fluctuation properties.
II. METHOD OF ANALYSIS
We can study the dynamic fluctuation characteristics in high-energy multiparticle production using the scaling behavior of the factorial moments. Normalized factorial moments(NFM) is defined as [20] 
Where, M is the partition number of the phase-space region △, n m is the multiplicity in the m-th cell and q is the order of the factorial. It is shown, if the power-law scaling F q (M ) ∼ δ −φ holds when δ → 0, then dynamic self-similar fluctuations are presented in multiparticle production. It has been pointed out, however, that the anisotropy of phase space has to be taken into account and that the multiparticle final state in a high energy hadron-hadron collision may be self-affine rather than self-similar. It has shown that the final state phase space of high-energy multiparticle production appears saturation in low-dimensional case, and self-similar or self-affine fractal is appearing in highdimension [8] . The self-similar or self-affine of a dynamical fluctuation can then be characterized by the so-called roughness or Hurst exponents [21] :
where λ a , λ b and λ c are the shrinkage ratios in three different phase space directions, and γ a , γ b and γ c are the saturation exponents obtained by fitting the one-dimensional factorial moments as the following equation,
If Hurst exponents H ij = 1 or (γ i = γ j ), the scaling behavior of the factorial moments may be appeared, the final state multiplicity system corresponding to i, j plane is a self-similar fractal, otherwise is the self-affine fractal. This theory has been confirmed in the Hadron-Hadron collision [22] and the e + e − collision [15] . Because Hurst exponents is defined in a plane [23] , one Hurst exponent only reflects or describes the fractal characteristics of one plane in high-energy multiparticle production. For high-dimensional phase space, such as threedimensional phase space, its scale properties or fractal characteristics are fully described by three different Hurst exponents.
According to the equation (2), if the dynamical fluctuations of the three-dimensional phase space are isotropic, H ab = H bc = H ca = 1 or γ a = γ b = γ c , the equation has only one solution, i.e. multiparticle production system must be a self-similar fractal. However, if those are anisotropic, H ab = H bc = H ca = 1, or γ a = γ b = γ c , then multiparticle production system must be a self-affine fractal. However, since H ab H bc H ca = 1, the equation (2) may have many group solutions. We define the total shrinkage ratios of the 3-dimension phase space as:
From the Eq.(2) we can get:
It is clear from Eq. (4) and (5), for the anisotropic of phase space, the scaling characteristics of NFM can be observed when anisotropically partitioning the phase space [22] as Hurst exponents. In addition, its scaling characteristics is also observed when the phase space is partitioned isotropically in the case of the total shrinkage rate unchanged as Eq. (4) and conformed to Eq.(5). This total shrinkage rate constant phenomenon is called shrinkage rate of conservation [24? ]. This double-Hurst exponent fractals of the multi-particle final states are confirmed in e + e − collisions [26] .
III. THE RESULTS AND DISCUSSION
As mentioned above, we discussed the general criteria of the fractal characteristics of the three-dimensional phase space in the high-energy collision. Then, we will calculate the saturation index of one-dimension NFM in e + e − collisions at CEPC energy region, and analysis the fractal characteristics of multi-particle final states.
A. One-dimensional NFM analysis
First, the Jetset7.4 and Herwig5.9 model generators are used to generate 100000 events samples of e + e − collision at √ s = 250 GeV, then the one-dimensional NFM of the multiparticle final state are calculated according to Eq.(1). Here the rapidity y, azimuth angle ϕ and traverse momentum p t are selected as the phase space variables, where the phase space region are −5 ≤ y ≤ 5, 0 ≤ p t ≤ 3 GeV, 0 ≤ ϕ ≤ 2π. The distributions of the one-dimensional NFM for the multiparticle final state in e + e − collisions at √ s = 250 GeV are shown in the Fig.1 , as a function of the partition numbers M, M = 1, 2, 3, · · · , 40. It is clear from Fig.1 that the distributions of one-dimensional second-order NFM are all similar, and tend to be saturated when M increases for the three variables y, p t , and ϕ, respectively. The results by Jetset7.4 on the left column of the Fig.1 (a) (b)(c) are similar to that of Herwig5.9 on the right column of the Fig.1 (d) (e)(f ). As W. Ochs pointed out, the fractal is weakened by the superposition effect due to the high-dimensional fractal projection into the low-dimensional phase space, so that the one-dimensional NFM appears saturated when the phase space becomes smaller.
We fit to the data of one-dimensional second-order NFM on the Fig.1 by the Eq.(3), after neglecting the first two points to eliminate the influence of momentum conservation [27] . The parameters values for three different variables are listed in Table 1 , and the fitted curves are shown as the solid lines in the Fig.1 .
According to the Eq.(2), the Hurst exponents H ypt , H ptϕ , and H ϕy are calculated using the saturation exponents in Table 1 , as shown in Table 2 . The results show that the Hurst exponents of three variables in two models all do not equal to 1, H ab = H bc = H ca = 1, or γ a = γ b = γ c , so the dynamical fluctuations of the final state particle system are anisotropic, and the corresponding fractal structure may be self-affine. Therefore, if the phase space is anisotropic partitioned according to the Hurst exponent, we should observe the scale characteristics of three-dimension NFM.
However, since the Hurst exponent satisfies the equation (5), i.e. γ ϕ = f (γ ϕ , γ pt ), the total shrinkages of isotropic and anisotropic partitioning phase space as the Hurst exponent in Table 2 are equal. So the double Hurst exponent phenomenon exists in the fractal of the final state multiparticle of the e + e − collisions at √ s = 250 GeV, i.e. the scaling properties of the three-dimensional NFM are also observed when phase space is partitioned isotropically. We can perform a self-affine analysis in three-dimensional phase space with the Hurst exponents in Table 2 . Since H ypt = H ptϕ = H ϕy = 1, or γ y = γ pt = γ ϕ , from Eq.(2), it follows as
we use a partitioning M = M y M pt M ϕ , where M y = 1, 2, 3, 4, 5, . . . , 40; M pt = 1, 1, 2, 2, 3, . . . , 13, M ϕ = 1, 2, 3, 4, 4 . . . , 27. The results for lnF q vs. lnM in three-dimensional phase space for orders q = 2 − 5 of e + e − collisions at √ s = 250 GeV are shown in Fig.2 . Although the non-integer partition phase space lost a end of the small, its distribution has produced local fluctuations, but ln F q ∼ ln M distribution continues to show good scaling properties [23, 29] . It is shown that the fractal structure is self-affine in the e + e − collisions at √ s = 250 GeV. In order to show the quality of the scaling law, a linear fits to three-dimensions NFM are compared with the data in Fig. 2 according to the following formula:
ln
the fitting results are listed in Table 3 . To reduce the influence of momentum conservation, the first point are excluded in all the fits. It can be seen from Fig.2 that the results give a linear property after the first point for orders q = 2 − 5 are omitted. It is shown that the fractal of multiplicity final state in the e + e − collisions at √ s = 250 GeV is self-affine. In addition, we also can see that the results of the MC Jetset7.4 are consistent with the Herwig5.9. Table 2 satisfy the Eq. (4) and (5), i.e. the total shrinkage rate is constant and γ ϕ = f (γ ϕ , γ pt ) within the error range in e + e − collisions at √ s = 250 GeV. Thus the multiparticle final states of e + e − collisions at √ s = 250 GeV should be able to show the double-Hurst exponent fractals phenomenon. If the phase space is partitioned isotropically, this scale of self-similar of three-dimensional NFM should also be observed [24] .
We calculate the three-dimension NFM of e + e − collisions at √ s = 250 GeV for order q = 2 − 5 using MC model Jetset7.4 and Herwig5.9, where the division numbers on the three-dimensional phase space are selected as
The results of logarithmic distribution of three-dimensional ln F q (M ) versus ln M , with the isotropic partition phase space, are plotted in Fig 3. In order to show the quality of the scaling law, a linear fits to three-dimensions NFM are compared with the data in Fig.3 according to Eq.(7). The parameters values are listed in Table 4 , omitting the first point to eliminate the influence of momentum conservation in these fits. We compare the results of the MC Jetset7.4 on the left in Fig.3 with Herwig5.9 on the right in Fig.3 , and find that they are consistent. From Fig.3 , one can see that the distribution of ln F q ∼ ln M presents a good linear characteristic. It is shown that the scaling law of NFM for multiplicity final state also can be observed in the case of isotropic partition phase space, if the shrinkage rate of three-dimension phase space can satisfy conditions as Eq. (4) and (5) . Since the total shrinkage ratios are the same, that is, the total shrinkage rate is conserved. This is also shown that there is also a self-similar fractal characteristics in multi-particle final states of e + e − collisions at CEPC energy region.
D. Effective fluctuation intensity
In order to further describe this non-linear dynamics fluctuation of the multiplicity final state in the high-energy collisions, we can also consider that an effective fluctuation strength can be taken as a characteristic quantity for the intensity of dynamical fluctuations, which is defined as follows [28] :
where q is the order of the factorial moments, φ q is the intermittency index. The effective fluctuation strength α ef f in the e + e − collisions at √ s = 250 GeV is calculated and filled into the table 5. As a comparison, table 5 also list the effective fluctuation strengths in Au-Au collisions at √ s = 200 GeV, the NA22's hadron-hadron collisions experiment at 250 GeV, and the L3's e + e − collision experiment at 91.2 GeV, respectively. Here the intermittency exponents calculated these effective fluctuation strengths are taken from references [15, 22, 31] . We can see from Table 5 that the effective fluctuation strengths are approximately constant when the intermittent exponents increase with the order q increasing, and the effective fluctuation strength in e + e − collisions are much larger than those in heavy ion Au-Au collisions and hadron-hadron collisions. This is a noteworthy phenomenon that it is generally believed that the effective fluctuation strength in heavy ion collisions energy should be larger than that in e + e − collisions, since it's multiplicity involved is more, the process is more complicated. It would be a sign of the QGP generated. In addition, the effective fluctuation strengths are a slight increase as the collision energy increase in e + e − collisions.
IV. SUMMARY
In this paper, we introduce an analysis method of the factorial moment to study the dynamical fluctuation properties of the multiplicity production in e + e − collisions at √ s = 250 GeV. The MC simulation generator Jetset7.4 and Herwig5.9 are used to generate multi-particle final state events of CEPC energy region. By fitting one-dimensional projection of the factorial moments, the Hurst exponents are derived for all combinations of the phase-space variables as (y, p t , ϕ), which are not equal,i.e. H ab = H bc = H ca = 1. But their total shrinkage rate, satisfied with the Eq. (4) and (5), is conserved. So the multiparticle final states of e + e − collisions at √ s = 250 GeV exist doubleHurst-exponent fractals phenomenon, i.e, both partition phase space isotropic or/and anisotropic, the NFM's scaling behavior can be all observed.
It is worth noting that the three-dimension isotropic analysis show a better straight line than the three-dimension anisotropic analysis, or NFM's scaling behavior than those anisotropic one. This is because partition number M is non-integer as anisotropic analysis, M = N + a [22, 29] , and the small phase space a will be lost. That will inevitably produce errors or/and increase the fluctuation for the NFM.
In a word, it is found that the multi-particle final states in e + e − collisions at √ s = 250 GeV are double-Hurst exponent fractals, which not only shows a self-affine fractals characteristics as Hurst exponent, but also with a self-similar fractals, i.e, it has a multifractal characteristics.
We also have calculated the effective fluctuation strengths α ef f of describing the fluctuation or intermittent intensity in a high-energy collisions. It is found that the effective fluctuation strengths are approximately constant when the intermittent exponents increase with the order q increasing, and the effective fluctuation strengths in e + e − collisions are much larger than those in heavy ion Au-Au collisions and hadron-hadron collisions. The Chinese Academy of Sciences is preparing to build a ring-shaped electron-positron collider (CEPC) with the c.m. energy of 250 GeV. It is interesting to examine these fractal features in coming CEPC experiments.
